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Transformagoes Canodnicas
(Mudancas de variaveis com equacdes de Hamilton para as novas variaveis)

.7 = q.p H(p,q.t) = H(p, g, 1)

. d
H(pa q, t) = H(pa q, t) + 'a_tFZ(qap.a t)

OF, _ OF N
Pi = — g = — 2N equacoes entre as novas e

0q; Op; as antigas variaveis

0H Analogamente, podemos introduzir geratrizes
bi= ——,

04, — _

F3(pa q, t)a F4(pap9 t)

. _OH _
di = ——, Fi(q, 4. 1)



Obter as transformacoes
Principio variacional

S|Ldt =0 > 5[ft2(2piqi—H(p,q,t))dtjl'-:O

L=L +dF,/dt
. e o= d _
Zpiqi - H(pa q, t) — ZPLQI o H(pa q, t) + 'd—t' Fl(q9 q. t)

A derivada temporal da fungao geratriz F é:

d oF, dF,
~ R4 0=~ di+X - di+—
—Fi@.4.0 = Zaqq Zaq,q -
8Fl — aFl
Comparando as duas equagdes anteriores obtemos p. = —— D; =

04; g,



_ ﬁFl — aI:'l
- 04, 0q;

Além das equacoes, D;

obtemos também

_ 0 i
H(p,q,t)=H(p,q,t) + Py Fi(q,q,1)

Introduzindo a funcao, Fy(q,p.t) = F(q,q9,t) + Z q:P;.

obtemos oF, _ OF,
Pi=— 4i=
0q; Op;

_ 0
H(pa q, t) = H(pa q, t) + 'é_tFZ(an—a t)



Aplicagao: Uma possibilidade para obter F,

(em H separavel)
q.D 9 qaﬁ H(Paqs t) 9 ﬁ(ﬁ, qa t)

ﬁ

- _  _ 9
H(p,q,t)= H(p, q,1) +é—tF2(q,13, t) =0

oF _ OF
Di = — 2 qd; = ‘,\TZ
04; 0P
oF OF,
H( 2 ,q,t ) = ()
oq ot

Se essa equacao obtida for integravel
obtem-se F, e as variaveis
em funcao do tempo.



Outra aplicagcao: Uma possibilidade para obter F,
H autonoma (independe de t)

_ JF. _ JF.
or > 07 L N
0q; Op;

ﬁ(ﬁaq )= H(P34)=E

> H<§f‘-’i,q)=E
0q

Equacao de Hamilton-Jacobi.

Se essa equacao obtida for separavel, ela sera integrada e
F, obtida. Nesse caso, as variaveis podem ser obtidas em
funcao do tempo.



Duas Lagrangianas que diferem por um derivada df/dt
descrevem o mesmo movimento

[(@.4,0=1@ 4,0+ - f@.?)

Escrevendo — = + — = +

d (oL oL d (oL
Obtemos —(——) ——-——(-—-—)“‘“



Podemos escrever a mesma equacao de Lagrange

obtemos p=p+ —



Equacdo de Newton

Lagrangiana de uma particula L(q, q 1) = % md2 - Vg, t ).

oL o oL __ )4
oq ' 0q dq
50 d d ( aL) oL
Equacao de Lagrange ar \ 3 5
. oV
Equacdo de Newton mq = — —



Hamiltoniana
H(p,q,1) = Z q4;p; — L(4, q, 1)
L(q,q,t)= 3 mq* - V(q,1t)
p=0L/0q

2

H(q’pa t) = g;n" + V(q, t)

L-T-V  H=T+V



Percival, Introduction to Dynamics
Example 5.5

Find the Lagrangian and Hamiltonian for a pendulum moving in a vertical plane.

Here the configuration of the system may be defined by the angle between

the pendulum and the downward vertical, . The generalized velocity u = Y is
the angular velocity of OA.

O B




The kinetic energy of the mass m at A is
T =3m (speed)® =imw? = imi*y?

and the potential energy is
V=—mgAB=—mglcos V,
so that the Lagrangian is

L(y,u)=2iml*u® +mglcos y.

The momentum conjugate to Y is

oL - 1
= o, = 12u = =__— D
p » m or U=y 12p



The Hamiltonian, from Equation (5.16), is

H(y, p)

pu— (Aml*u® +mgl cos ¥)




Example 5.7
Find the Lagrangian and Hamiltonian of a pendulum comprising a mass m
attached to a light, stiff rod AB of length / free to move in a vertical plane, and
such that the end A of the rod is forced to move vertically, its distance from a
fixed point O being a given function (¢) of time.

The generalized coordinate is the angle ¢ between AB and the downward
vertical. In order to determine the speed of the mass, it is helpful to write dowr
its coordinates with respect to the axes Ox and Oz shown in the diagram.
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These are
x =1sin Y,
z=—lcosy— y(t).
The potential energy is
V(z,t)=mgz =—mg [l cos Yy +(1)]

and the kinetic energy is

=1 m (speed)’ =1 m (x +2)?

Lm [Py?*cos® ¥ + (I ¥ sin ¢ —7)?]
=im [12\ﬁ2—2l¢;'§'sinw+&2].

Thus the Lagrangian is

L =%m(12¢;2 ~ 21y vsin ) +mgl cos Y +h(?),

where

h(t)=im~y* +tmgy



The momentum conjugate to Y is

p= %ﬁ- =m 2y —1ysin ¢)
and, after some manipulation, we find that the Hamiltonian is
(p + ml vy sin Y)?
2ml?

HWY,p,t)= —mgl cos .

An alternative, but more convenient, Hamiltonian may be obtained by using
the result of example 5.4. On writing

Y ysin y = — -d% (v cos ) +7 cos ¥



we obtain
L=Ymi*?*+ml(g-%)cos y,

showing that the vertical acceleration has the same effect as a time-varying
gravitational field. The conjugate momentum is now

— oL
= —_—= m12
p i Y
and the Hamiltonian,
p?

sof
I

T —ml(g—7)cos y.



FuncOes Geradoras de Transformacdes Candnicas

RelacOes entre as antigas e as novas variaveis

type l:  pi = " 1), P =— gQ’(q Q,1),
type 2: pi = f;lq:lz Q; = ?;; (g, P, 1),
type 3: ¢ = — a 1), P; = gg (P, Q. 1),
type 4: qi = —gs P,t), Q; = 8Pj P,t).




Relacdes entre Funcdes Geradoras

Fl(qa Q,t):Fz(q,P,t)—P°Q,
F3(pa Qat):Fl(qa Qat)_p°Qa
F4(paP9t):F2(an’t)_p°q'



Sendo F, conhecida, obtemos F;: Fi(q, Q,t) = Fa(q, P,t) — P - Q

Derivando com relagao a g, d F 0 F> N dF, 0P; 0P,

J

com Q,, t fixos dgx ~ dqr  9P; dqr g
oF JoF
Como sabemos que pi="5 -z(q, P.1). 0, = aPZ-(q’ P.1)

Obtemos a) dFi

Analogamente 91 _ 0F2 9P, 9P, Q,— P

00 9P;0Qr 90

Obtemosb) 30, —
Equacgoes a, b relacionam q, p com Q, P



Fl(q’Qat):FZ(qsp’t)_P'Qa
De F3(P, Qat):Fl(q’ Q,’)—P'q,
F4(P»P,t)=F2(CI»P’t)—P’Q-

obtemos

0 F, dF> d F3 0Fy
a_t(qa Qa t) - a_t(qa Pa t) - a_t(p’ Q’ t) - 8_t(p’ P’ t)



Exemplos de Transformacodes

dF>
F>(q, P) = qi Py, pi = = P;,
aq;
JF
Fi(q, Q) = g Ok, Pi =~ : = Q;,
qi
dF,  0fi(q)

F>(q, P) = fi(q) P, pi = 34, = 3g;

d F>
Ql BP‘ —ql’
dF
P =— = —qi,
T
dF>
Qi = P = fi(q).



